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Blocking (n− 2)-dimensional Subspaces on Q(2n, q)
DEIRDRE LUYCKX
It will be shown that the smallest set B of points on the parabolic quadric Q(2n, q), q ≥ 4 and
n ≥ 3, with the property that every (n − 2)-dimensional subspace on Q(2n, q) has at least one
point in common with B, consists of the non-singular points of an induced quadric pin−4 Q−(5, q) ⊆
Q(2n, q), where pin−4 denotes an (n − 4)-dimensional subspace on Q(2n, q).
c© 2001 Academic Press
1. INTRODUCTION AND RELATED RESULTS
For a prime power q , we will denote by Q(2n, q) the non-singular parabolic quadric in
the 2n-dimensional projective space PG(2n, q). A degenerate quadric will be denoted by
piQ, where pi is the radical, the subspace consisting of the singular points, and Q is a non-
degenerate quadric. The set of generators of any quadric Q will be denoted by 6(Q).
In this paper, the smallest set B of points on the parabolic quadric Q(2n, q) such that every
(n−2)-dimensional subspace on Q(2n, q) contains at least one point of B will be determined.
If B is such a set, we say that B blocks the (n − 2)-dimensional subspaces on Q(2n, q).
This problem has been solved by Metsch in [5] for the smallest meaningful value of n,
namely n = 3; in [6] he showed a generalization of this result, the following special case of
which we will use later on.
THEOREM 1.1 (Metsch [6]). If B is a set of points on the quadric Q(6, q) such that every
line on Q(6, q) meets B in at least one point and |B| < q|Q(4, q)|, then B contains the point
set of an induced elliptic quadric Q−(5, q) ⊆ Q(6, q).
The interested reader is referred to [4, 5] and [6] for a study of similar problems in several
finite classical polar spaces.
For completeness we briefly mention some related results in projective spaces. It was shown
by Bose and Burton [1] that the smallest set of points of the projective space PG(n, q), which
blocks all the s-dimensional subspaces of PG(n, q), consists of the point set of an (n − s)-
dimensional subspace of PG(n, q).
Concerning proper blocking sets of PG(n, q), i.e., sets of points of PG(n, q) that meet all
hyperplanes and contain no line, it is known that they contain at least q + √q + 1 points,
with equality if and only if q is a square and they consist of the points of a Baer subplane of
some plane of PG(n, q). For n = 2, this result is due to Bruen [2], who also generalized it to
greater values of n in [3].
2. TWO LEMMAS
First two lemmas are proven, which will enable us to transfer the geometrical structures we
obtain by induction in the quotient geometry at points of Q(2n, q) \ B to the corresponding
structures on Q(2n, q) itself.
LEMMA 2.1. Let A ⊆ pQ−(5, q), with p 6∈ A, be a set of points on the degenerate quadric
pQ−(5, q), q ≥ 4, which meets every line of pQ−(5, q) and satisfies |A| ≤ |Q−(5, q)| +
q + 1. Then A contains an elliptic quadric Q−(5, q).
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PROOF. Choose a fixed Q−(5, q) := Q on pQ−(5, q) and let A′ be the projection of A
from p onto Q; it is clear that A′ = Q.
As A blocks the lines of pQ, each plane of pQ meets A in a blocking set. Hence every line
L ′ ofQ is either the projection of a line and possibly some more points of A, or the projection
of a non-trivial blocking set in the plane 〈p, L ′〉, in which case |〈p, L ′〉 ∩ A| ≥ q +√q + 1.
We show that the latter cannot occur.
Let L ′ be an arbitrary line of Q. We distinguish two different cases.
First suppose there exists a point b′ ∈ L ′ such that the line pb′ meets A in one point.
Then the lines of Q through b′ cannot all determine a plane through p containing more than
q + 1 points of A, as there are q2 of them, different from L ′, and |A| ≤ |Q−(5, q)| + q + 1.
So choose a line M ′ of Q, intersecting L ′ in b′, such that |〈p,M ′〉 ∩ A| = q + 1, then, as
mentioned above, M ′ is the projection of some line M ⊆ A. We may assume that M = M ′.
In 〈Q〉 = PG(5, q) there are q2 three-dimensional subspaces through the plane 〈L ′,M ′〉,
intersecting Q in a Q+(3, q). If a Q+(3, q) through L ′ and M ′ contains a line incident with
M ′, but different from L ′, which is not the projection of exactly one line of A, then there is
at least one line through p and not on 〈p, L ′〉 on which more than one point of A lies. As
|A| ≤ |Q−(5, q)| + q + 1, this can be the case for at most q + 1 quadrics Q+(3, q) ⊆ Q
through L ′ and M ′. So we can find a Q+(3, q) ⊆ Q through L ′ and M ′ with the property that
each of its lines belonging to the same regulus as L ′, except for L ′, is the projection of exactly
one line of A. Let N ′ be a line of such a chosen Q+(3, q), meeting L ′ in c′ 6= b′. We now
show that the plane 〈p, N ′〉 contains a line N consisting of points of A.
If the q points of N ′ \ L ′ were not the projections of q points of A on a line N on 〈p, N ′〉,
then A ∩ 〈p, N ′〉 would be a blocking set with the additional property that the lines through
p not meeting L ′ contain exactly one point of A. Such a blocking set could be obtained if on
the line pc′ at least √q + 1 points of A lay. However, in this situation, the lines of A that are
projected onto lines of the chosen Q+(3, q) belonging to the same regulus as L ′, do not lie on
a three-dimensional hyperbolic quadric. This implies that, apart from M ′, there can be at most
one line in the regulus of M ′ which is the projection of a line of points of A. So, for at least
q − 1 lines R′ of the chosen Q+(3, q), intersecting L ′ in a point d ′ 6= b′, we find a similar
configuration as for N ′: the q points of A on the plane 〈p, R′〉, but not on the line pd ′, are not
collinear, which means that there are at least √q + 1 points of A on pd ′. Consequently, the
plane 〈p, L ′〉 has at least (q − 1)(√q + 1) + 2 points in common with A, a contradiction as
|A| ≤ |Q−(5, q)| + q + 1. We conclude that the q points above are indeed on a line N .
Next, the question is what happens to the point N ∩〈p, L ′〉. If it does not belong to A, there
must be another point of A and not incident with N on each line through N ∩ 〈p, L ′〉 and on
the plane 〈p, N ′〉. However, this is impossible, as we have chosen our Q+(3, q) so that the
lines through p on 〈p, N ′〉 and different from pc′ all contain exactly one point of A, namely
a point on N . Hence, the point N ∩ 〈p, L ′〉 must belong to A as well and we find that N ⊆ A.
If we repeat this argument for all lines of the chosen Q+(3, q) ⊆ Q, different from L ′ and
M ′, it follows that it is the projection of a Q+(3, q) of A and in particular 〈p, L ′〉 does contain
a line of points of A.
As a second case, assume that every line of 〈p, L ′〉 on p contains at least two points
of A. Then the projection is bijective onto the whole Q, except for the line L ′, and each
Q+(3, q) ⊆ Q through L ′ has the property that any line of the regulus of L ′ is the projection
of exactly one line of A. By arguing in a similar way as above, we immediately find that this
Q+(3, q) ⊆ Q is the projection of a Q+(3, q) of A, so in this case too, 〈p, L ′〉 does contain
a line of A.
We conclude that every plane of pQ contains a line consisting of points of A.
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It remains to show that two incident lines L ′ and M ′ of Q are the projections of incident
lines of A. This can be shown in a very similar way. Again, the upper bound on |A| ensures
the existence of ‘good’ Q+(3, q) ⊆ Q through L ′ and M ′, which means in this case that
the projection is bijective onto the whole Q+(3, q), except for possibly L ′ and M ′. Then all
lines of this Q+(3, q) ⊆ Q, different from L ′ and M ′, must be projections of lines of A on a
hyperbolic quadric, which yields q points of A on a line L in 〈p, L ′〉 and q points of A on a
line M in 〈p,M ′〉; L meets M in a point s. We also know that there is a line R of points of
A in 〈p, L ′〉. Suppose that R 6= L . Then R intersects L in a point different from s (otherwise
s would be a point of A, so L ⊆ A and M ⊆ A and we are done) and there are at least 2q
points of A in 〈p, L ′〉, which implies that |〈p,M ′〉 ∩ A| ≤ q + 3. As q ≥ 4, the line of points
of A in 〈p,M ′〉 must hence be the line M , so s ∈ A and L ′ and M ′ are projections of incident
lines L and M of A.
By combining these results, we find that there exists a five-dimensional quadric Q−(5, q)
in A which is projected onto Q = A′. 2
From now on, pii denotes a totally singular subspace of dimension i on the considered
quadric. By convention, pi−1 is the empty set, so a cone pi−1Q for some quadric Q is simply
the quadric Q itself.
LEMMA 2.2. Let B be a set of points on the degenerate quadric pQ(2n−2, q), n ≥ 4, q ≥
4 and p 6∈ B, which blocks all the (n−2)-dimensional subspaces on pQ(2n−2, q). Suppose
that |B| ≤ qn−4|Q−(5, q)| + q + 1 and let Bquot denote the projection of B from p onto a
chosen fixed Q(2n− 2, q). If Bquot contains the non-singular points of a cone pin−5 Q−(5, q),
then the same holds for B.
PROOF. We will show by induction on k that, if all non-singular points of some cone
pik Q−(5, q) ⊆ pin−5 Q−(5, q), −1 ≤ k ≤ n − 5, lie in Bquot, it is the projection of a cone of
the same type whose non-singular points are contained in B.
If k = −1, a cone pi−1 Q−(5, q) is by convention simply an elliptic quadric Q−(5, q) ⊆
Bquot. Here we have to distinguish between n = 4 and n ≥ 5.
For n ≥ 5, we apply Lemma 2.1 to pQ, with Q the given Q−(5, q). If A := B ∩ pQ,
then |A| ≤ |Q−(5, q)| + q + 1 and p 6∈ A. We now explain that A blocks the lines of
pQ by showing that for any line L ′ of Q, the points of A on the plane 〈p, L ′〉 block the
lines on this plane. If an (n − 1)-dimensional subspace through 〈p, L ′〉 contains a point of
the cone pin−5 Q−(5, q) ⊆ Bquot that does not lie on L ′, such a subspace must have a point in
common with pin−5. There are certainly at most |pin−5|·|6(Q(2n−8, q))| (n−1)-dimensional
subspaces of this kind; for n > 5, some of them have been counted more than once. We also
know that there are possibly q + 1 points of B that are projected onto points of Q(2n− 2, q),
not necessarily belonging to pin−5 Q−(5, q); they yield at most other (q+1)|6(Q(2n−8, q))|
(n − 1)-dimensional subspaces through 〈p, L ′〉 and containing a point of B \ 〈p, L ′〉. All
together there are at least
|6(Q(2n − 6, q))| − |6(Q(2n − 8, q))|(|pin−5| + q + 1)
= (q + 1)(q2 + 1) · · · (qn−4 + 1)
(
qn−3 − q − q
n−4 − 1
q − 1
)
> 0
(n − 1)-dimensional subspaces through 〈p, L ′〉, containing no points of B but those on the
plane 〈p, L ′〉. As B blocks the hyperplanes on such subspaces, 〈p, L ′〉 ∩ B is a blocking set
and hence A = B ∩ pQ meets every line on pQ. So Lemma 2.1 yields the desired result:
Q ⊆ Bquot is the projection of a Q−(5, q) on pQ(2n − 2, q).
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If n = 4 and for every line L ′ of Q there exists a three-dimensional subspace through the
plane 〈p, L ′〉 that meets B only in points of 〈p, L ′〉, Lemma 2.1 gives the desired conclusion
as above. On pQ(6, q), it is however possible that, for some bad line L ′, all three-dimensional
subspaces through the plane 〈p, L ′〉 contain a point of B not on this plane. However, in this
situation, every such three-dimensional subspace meets B in exactly q+2 points, which must
form a blocking set in a three-dimensional projective space. Combining the results of Bose
and Burton [1] and Bruen [3], this blocking set is formed by a line consisting of the points
of B ∩ 〈p, L ′〉, together with the only point of B not on 〈p, L ′〉. It now immediately follows
from Lemma 2.1 that A = B ∩ pQ is an elliptic quadric Q−(5, q).
Next suppose that−1 < k ≤ n−5. Consider a subspace pik of pin−5 and a cone pik Q−(5, q)
such that pik Q−(5, q) \ pik ⊆ Bquot, then the subspace of PG(2n − 1, q) = 〈pQ(2n − 2, q)〉
generated by p and this cone is (k + 7)-dimensional. In 〈pik Q−(5, q)〉, which is (k + 6)-
dimensional, there are q6 q
k+1−1
q−1 hyperplanes intersecting pik Q−(5, q) in a cone of the type
pik−1 Q−(5, q). By induction, every such cone is the projection of a cone of the same type
on pQ(2n − 2, q), lying on this (k + 7)-dimensional subspace of PG(2n − 1, q), whose
non-singular points are contained in B. Moreover these cones pairwise intersect in (k + 4)-
dimensional quadrics. As there are too many of them to fit through a common (k + 4)-
dimensional quadric, they are all contained in some (k + 6)-dimensional subspace. Conse-
quently, the given pik Q−(5, q) \ pik ⊆ Bquot is the projection of the set of non-singular points
of a cone pik Q−(5, q) on pQ(2n − 2, q).
This proves the lemma. 2
3. THE THEOREM
The proof of the main theorem uses induction on n, where Theorem 1.1 serves as the induc-
tion basis.
THEOREM 3.1. If B is a set of points on the quadric Q(2n, q), n ≥ 3 and q ≥ 4, such
that every (n − 2)-dimensional subspace of Q(2n, q) contains at least one point of B and
|B| ≤ qn−3|Q−(5, q)| + q + 1, then B contains the non-singular points of a degenerate
quadric pin−4 Q−(5, q).
PROOF. For n = 3, Theorem 1.1 yields the desired result. So suppose that n ≥ 4 and the
theorem holds for Q(2n − 2, q).
Let p ∈ Q(2n, q) \ B be such that |Tp(Q(2n, q)) ∩ B| ≤ qn−4|Q−(5, q)| + q + 1. We
consider the quotient geometry at p as the projection onto a chosen fixed Q(2n − 2, q); the
points of B ∩ Tp(Q(2n, q)) are projected onto the points of a set Bquot. Then Bquot blocks
the (n − 3)-dimensional subspaces of Q(2n − 2, q) and |Bquot| ≤ qn−4|Q−(5, q)| + q + 1.
From the induction hypothesis it follows that Bquot contains the non-singular points of a cone
pin−5 Q−(5, q). Consequently, we can apply Lemma 2.2 which yields that every tangent hy-
perplane Tp(Q(2n, q)), p 6∈ B, meeting B in at most qn−4|Q−(5, q)| + q + 1 points, shares
the non-singular points of a cone pin−5 Q−(5, q) with B.
Now we determine the number of such pin−5 Q−(5, q)\pin−5 ⊆ B by counting pairs (H, x)
with H a tangent hyperplane of Q(2n, q) and x ∈ H ∩ B.
Suppose there are X points p ∈ Q(2n, q) \ B, the tangent hyperplanes at which satisfy
|Tp(Q(2n, q)) ∩ B| ≤ qn−4|Q−(5, q)| + q + 1. Then these tangent hyperplanes contain at
least |pin−5 Q−(5, q) \pin−5| = qn−4|Q−(5, q)| points of B and the remaining tangent hyper-
planes at points p′ ∈ Q(2n, q) \ B satisfy |Tp′(Q(2n, q)) ∩ B| ≥ qn−4|Q−(5, q)| + q + 2.
For any point x ∈ B, we apply the result of Bose and Burton [1], which implies that a genera-
Blocking (n − 2)-spaces on Q(2n, q) 525
tor through x contains at least q points of B, different from x , to find that |Tx (Q(2n, q))∩B| ≥
q(qn−1 + 1)+ 1. Counting the pairs (H, x) thus yields
Xqn−4|Q−(5, q)| + (|Q(2n, q)| − |B| − X)(qn−4|Q−(5, q)| + q + 2)
+ |B|(q(qn−1 + 1)+ 1) ≤ |B|(q|Q(2n − 2, q)| + 1).
If we take into account that |B| ≤ qn−3|Q−(5, q)| + q + 1 and solve the inequality above for
X , we find that X ≥ q2n−3(q − 2), for n ≥ 4.
Actually, we are interested in the number of cones pin−5 Q−(5, q)whose non-singular points
lie in B. As pin−5 is (n−5)-dimensional, the non-singular points of pin−5 Q−(5, q) span an (n+
1)-dimensional subspace of the ambient space PG(2n, q) of Q(2n, q). So, the intersection of
the tangent hyperplanes at the points of pin−5 Q−(5, q) \ pin−5 is an (n − 2)-dimensional
subspace (both for q odd and q even). Since this (n − 2)-dimensional subspace of PG(2n, q)
intersects Q(2n, q) in a degenerate quadric with the points of pin−5 as singular points and
contained in Tpin−5(Q(2n, q))∩Q(2n, q) = pin−5 Q(8, q), this must be a pin−5 Q(2, q), where
Q(2, q) is the ‘polar conic’ of Q−(5, q) on Q(8, q). It follows that one single pin−5 Q−(5, q)\
pin−5 is contained in at most |pin−5 Q(2, q)| = qn−2−1q−1 tangent hyperplanes at points not in B
and we find at least
X (q − 1)
qn−2 − 1 ≥
q2n−3(q − 2)(q − 1)
qn−2 − 1 ≥ q
n−1(q − 2)(q − 1)
cones pin−5 Q−(5, q), whose non-singular points lie in B.
Two cones pin−5 Q−(5, q) and (pin−5 Q−(5, q))′ in the respective tangent hyperplanes
Tp(Q(2n, q)) and Tr (Q(2n, q)), p, r 6∈ B, either coincide or have an n-dimensional quadric
in common, so the cones pin−5 Q−(5, q) we have found pairwise intersect in n-dimensional
quadrics. This means that they must lie on some (n+2)-dimensional subspace of PG(2n, q) =
〈Q(2n, q)〉, as there are too many of them to fit through one single n-dimensional quadric.
Denote by Qn+2 the intersection of this (n + 2)-dimensional subspace of PG(2n, q) with
Q(2n, q). Since Qn+2 has to contain degenerate quadrics of the type pin−5 Q−(5, q), there are
only two possibilities: Qn+2 = pin−5 Q(6, q) or Qn+2 = pin−4 Q−(5, q).
First case: Qn+2 = pin−5 Q(6, q). In this case |Qn+2| = qn+2−1q−1 and |Qn+2 \ B| ≥ qn−1+
qn−3−1
q−1 − (q+1). Write |Qn+2 \ B| := qn−1+ q
n−3−1
q−1 − (q+1)+δ with δ ≥ 0, then there are
at most δ points of B not on Qn+2. We count pairs (x, y) with x ∈ Qn+2 \ B, y ∈ B \ Qn+2
and x ∈ Ty(Q(2n, q)).
If x ∈ pin−5 and x 6∈ B, then Qn+2 ⊆ Tx (Q(2n, q)) and the points of Qn+2∩ B may suffice
to block the (n−2)-dimensional subspaces through x . So we only take into account the points
x ∈ Qn+2 \ B not on pin−5. For such points x , Tx (Q(2n, q))∩Qn+2 is an (n+1)-dimensional
quadric, which is degenerate and admits the points of pin−5 as singular points. Consequently,
Tx (Q(2n, q)) ∩ Qn+2 = pin−4 Q(4, q) with pin−4 = 〈x, pin−5〉. In the quotient geometry at
x , considered as the projection onto a fixed Q(2n − 2, q), this means that the projections of
the points of B ∩ Qn+2 contained in Tx (Q(2n, q)) all lie on a pin−5 Q(4, q) ⊆ Q(2n − 2, q).
By induction, the smallest set of points which meets all the (n − 3)-dimensional subspaces
on Q(2n− 2, q) consists of the non-singular points of a cone pin−5 Q−(5, q). This means that
there are at least
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|pin−5 Q−(5, q) \ pin−5| − (|pin−5 Q(4, q) \ pin−5| + q + 1) = qn−2(q2 − 1)− q − 1
points of B on Tx (Q(2n, q)) but not on Qn+2.
Next we determine an upper bound for |(Ty(Q(2n, q))∩ Qn+2) \ B|, y ∈ B \ Qn+2 and we
distinguish between Qn+2 ⊆ Ty(Q(2n, q)) and Qn+2 6⊆ Ty(Q(2n, q)).
If Qn+2 ⊆ Ty(Q(2n, q)), we can take |Qn+2| = qn+2−1q−1 as a rough upper bound for the
number of points of Qn+2 \ B on the tangent hyperplane at y. The question is how often this
situation can occur, in other words, in how many tangent hyperplanes Qn+2 is contained. The
worst scenario occurs when q is even and the nucleus of Q(2n, q) lies on 〈Qn+2〉. In this case,
the intersection of the tangent hyperplanes at points of Qn+2 is (n − 2)-dimensional; it meets
Q(2n, q) in a degenerate quadric pin−5 Q(2, q). So we find at most |pin−5 Q(2, q) \ pin−5| =
qn−4(q + 1) points y ∈ B \ Qn+2 with Qn+2 ⊆ Ty(Q(2n, q)).
Now we consider a point y ∈ B\Qn+2 with Qn+2 6⊆ Ty(Q(2n, q)), so Qn+2∩Ty(Q(2n, q))
is an (n + 1)-dimensional quadric. The largest possible intersection of Ty(Q(2n, q)) with
Qn+2 is a pin−5 Q+(5, q). We can choose two cones pin−5 Q−(5, q)whose non-singular points
are known to lie in B, intersecting Ty(Q(2n, q)) in an n-dimensional quadric and such that
these n-dimensional quadrics meet in an (n − 1)-dimensional quadric. By taking the small-
est possibility for these n-dimensional quadrics, a pin−6 Q−(5, q) for n ≥ 5, and the largest
possibility for the (n − 1)-dimensional quadric, a pin−5 Q+(3, q), we find at most
qn−4|Q+(5, q)| + |pin−5| − 2qn−5|Q−(5, q)| + qn−4|Q+(3, q)| + |pin−5|
= qn − qn−1 + qn−2 + 3qn−3 + 2q
n−5 − 1
q − 1
points on Ty(Q(2n, q)) ∩ Qn+2 not belonging to B if n ≥ 5. For n = 4, we have to take into
account the intersection with Ty(Q(8, q))∩ Q6 of three quadrics Q−(5, q) belonging to B to
obtain a suitable upper bound for |(Ty(Q(8, q))∩ Q6) \ B|. A similar reasoning as in the case
n ≥ 5 then yields
|(Ty(Q(8, q)) ∩ Q6) \ B| ≤ |Q+(5, q)| − 3(q|Q−(3, q)| + 1)+ 3|Q+(3, q)| − 1
= q4 − 2q3 + 5q2 + 4q.
Observe that we have taken the smallest, respectively largest, quadrics without asking whether
the configuration of quadrics used can really occur. Actually it cannot, but all possible con-
figurations will certainly yield less points not on B and the rough upper bound we found will
suit our purposes.
Combining the above results in the counting of the pairs (x, y), gives
(
δ + qn−1 + q
n−3 − 1
q − 1 − (q + 1)−
qn−4 − 1
q − 1
)
(qn−2(q2 − 1)− (q + 1))
≤ qn−4(q + 1)q
n+2 − 1
q − 1 + (δ − q
n−4(q + 1))
×
(
qn − qn−1 + qn−2 + 3qn−3 + 2q
n−5 − 1
q − 1
)
,
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whence
qn−4(q + 1)
(
qn − qn−1 + qn−2 + 3qn−3 + 2q
n−5 − 1
q − 1 −
qn+2 − 1
q − 1
)
+
(
qn−1 + q
n−3 − 1
q − 1 − (q + 1)−
qn−4 − 1
q − 1
)
(qn−2(q2 − 1)− (q + 1))
≤ δ
(
−qn−1 + 2qn−2 + 3qn−3 + 2q
n−5 − 1
q − 1 + q + 1
)
.
In this inequality, the left-hand side is strictly positive, whereas −qn−1 + 2qn−2 + 3qn−3 +
2 q
n−5−1
q−1 +q+1 < 0 for q ≥ 4 and n ≥ 5, thus δ < 0. This is a contradiction. In the case n = 4,
the same conclusion can be drawn using the appropriate numbers, so Qn+2 = pin−4 Q−(5, q)
holds for all q ≥ 4 and n ≥ 4.
Second case: Qn+2 = pin−4 Q−(5, q). In this situation, all cones pin−5 Q−(5, q) on Qn+2
have hyperplanes of pin−4 as vertices. Let δ ≥ 0 denote the number of non-singular points on
Qn+2 not belonging to B. We count the same pairs (x, y) as in the previous case, but this time
we only take into account the non-singular points x ∈ Qn+2 \ B.
Let x ∈ Qn+2 \ B be a non-singular point, then the tangent hyperplane at it meets Qn+2
in a degenerate (n + 1)-dimensional quadric with the points of pin−3 := 〈x, pin−4〉 as sin-
gular points, so in a pin−3 Q−(3, q). In the quotient geometry at x , again considered as the
projection onto a fixed Q(2n − 2, q), the points of B on Qn+2 are projected onto points
of a pin−4 Q−(3, q) on Q(2n − 2, q). Since the projection of B has to block the (n − 3)-
dimensional subspaces on this Q(2n − 2, q), the induction hypothesis implies that there are
at least qn−4|Q−(5, q)| − |pin−4 Q−(3, q)| = qn − (qn−5 + · · · + q + 1), respectively q4 if
n = 4, points of B on Tx (Q(2n, q)) but not on Qn+2.
As it cannot occur that Qn+2 ⊆ Ty(Q(2n, q)) for a point y ∈ B \ Qn+2, Ty(Q(2n, q)) ∩
Qn+2 is an (n + 1)-dimensional quadric for all points y ∈ B \ Qn+2. We use the same
argument as in the previous part. The largest possible intersection of Qn+2 and Ty(Q(2n, q))
now is a pin−4 Q(4, q), whereas the rest remains the same: again pin−6 Q−(5, q) (r Q−(3, q)
for n = 4) is the smallest possible intersection of a cone pin−5 Q−(5, q) with Qn+2 and two
such cones share an (n − 1)-dimensional quadric on Ty(Q(2n, q)) that cannot contain more
points than pin−5 Q+(3, q). This now yields the following upper bound for the number of
points on Ty(Q(2n, q)) ∩ Qn+2 but not contained in B:
|(Ty(Q(2n, q)) ∩ Qn+2) \ B| ≤ qn − qn−1 + 3qn−3 + 2q
n−5 − 1
q − 1
if n ≥ 5 and |(Ty(Q(2n, q)) ∩ Qn+2) \ B| ≤ q4 − q3 + 2q2 + q if n = 4.
By assumption, there are δ non-singular points on Qn+2\B and hence |B\Qn+2| ≤ q+1+δ.
Thus counting the pairs (x, y) finally yields:
δ
(
qn − q
n−4 − 1
q − 1
)
≤ (q + 1+ δ)
(
qn − qn−1 + 3qn−3 + 2q
n−5 − 1
q − 1
)
.
From this inequality we can calculate an upper bound for δ, namely, δ ≤ q2 + 4 if n ≥ 5.
On the other hand, we have seen that one single non-singular point on Qn+2 that does not
belong to B ensures the existence of at least qn − (qn−5 + · · · + q + 1) points on B \ Qn+2,
so q2 + q + 5 ≥ q + 1 + δ ≥ qn − (qn−5 + · · · + q + 1). These two bounds for δ are in
contradiction; hence δ > 0 is impossible.
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In the case n = 4, we find in the same way that δ ≤ q2 + 2q + 11 on the one hand and
q + 1 + δ ≥ q4 if δ 6= 0 on the other hand, which together yields δ = 0 and consequently
pin−4 Q−(5, q) \ pin−4 ⊆ B for all q ≥ 4 and n ≥ 4. This completes the proof of the theorem.
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